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Homotopy theory

RE b E— X, MAHZEEREG R ZE NSRS 5 L \\W) T BE
NMEL7BEETH D, AAHZE R E R GR D & RBEI 720 R & HE R R E
25Z2%.

RE M =R 21X, 1930 RIS Poincare ° Hopf ¥ DFIC X D HE LI
C®7=RE =2 HWT, MAHZEBHEG GRS 2H@mTH 5.
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CW complex

CW H R IEAZIED SOETHRON L EHTH D, i L <, B
FcENEEZ DO

CW #1A1X 1940 FERUTKRE b ¥ —FmDWFFEDH T Whitehead 12 & D EFH
X, R THLEELREMTH S,
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Category theory

TR, BN R & 2 ORI DBIRZ RIS Z 2R TH D,
CEBETERRA BICHED D 2 720, BIBEETRERPEZ VD DI - T
W3,

BElam & 1, 1940 4RI Eilenberg X MacLane 23R En Y —akED
V-T2 DICHELIICLD B ETOMGTDH S.
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Triangulated category

=AEEY 7 FEF XN ECEF R =AML Jidh 50 s 5 &
H o INEETH D, 5E2F° Puppe sequence D PG Z —R{L L TH
ZBETH 5.

=BG 1960 FXIZ Puppe % Verdier IC &k DEA XN-HFHTH 5.

Puppe I3 ZE R E b B —EZEARNZE & 2 TWT, Verdier 137 —X
IVIE DR PE % HA 2l £ & 2 Tk,
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Notation

HAAPAXME [0,1] 2 | £5£T.

F i ZOAEZER (X, x), (Y, y) MOERZROERRERDKRE b ¥ —H
DELEE (X,Y) 2 RT.

B G e BRE n XL, (G, n) B Eilenberg-MacLane Z£fi1 % K(G,n) &
xT.

O =lim O(n) XL, U= lim U(n) X7,
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Notation

KA FEBRDZTIE R Set L KT
BN & AR & R 2 RO EREBR DL T E Z Top, £ KT,
BT E CW IR D725 Top. DI 7 E%Z CW, £ £ 3.
AU &S CW IR D 123 CW, DT 7% ConCW,, & KT
7 — VR BRERBI B D 7 5% Ab ¥ R T
Top DfED#HEZ & 2BF% C: Top—Top & KT .

Top DHDEEL L 2BF% S: Top—Top &K 7.
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Definition 2.1 (fdify 2 =€ 1 > —iifi)

CW, Lofiifartny -, B oL, BT A7 CWP —Ab & CW %t
(X, A) ISR L, BRI PEEFAERRIER 67 hn(A) — h+1(X/A) BEZ S50, T2 A&
=T DTH5.

(REFE—1H) f ~ g eHomeyor (X, x), (Y,y)) EEE n ITHL, An(f) =

hn(g) € Homay(h"(Y), An(X))

(GERFNEE) CW I (X, A) It L, B2

L f(x /) D f(xy O, gy 5y pia(x/a) TG
PIAET 5
(‘71—‘/.‘\/*[]{&\@) WEEMR iy: Xa — \/Xa EEH n izt L, AR

Hl;n(ia): hn <\/Xa> = HE"(Xa) BT 7

73
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Cohomology theory

FEEERaRER Y =Gz, ffaREn Y e —fikarEn
¥ —ld 1M 1S 5.

KB, B aREn S — A" IR L, h(X,A) = h"(X/A) £ THILT
—fRIARERY =G A" DEF D, FIIRIRER S —5R A" ITRL,

X — {x} ZFHWT, h"(X) := Coker (h"({x}) = h"(X)) &F % Z & Cffi
WareEnY - PEX5.
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Reduced suspension and loop space

Top, DENCEE L FEIEEFNFETS 5.

LA B AR (X, x) 1R U, SRR & R (SX/({x) x 1), [x]) %
IS, R ZROEBEMSR F 1T L, S(f) OB/ EMNEEEL Z
W& D, BEF T Top, —Top, 215 5%.

S A = ATAZER (X, x) ISR L, v — 722 % G & 1, 2 o
BAR 2L,

Q) © (W, c) — (QY,¢)
\) W

[m] —  [f om]

MIGEEBZII2E D, BFQ: Top, —Top. 2155
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Adjoint functor

INOOEFREUTO LS ICHHRAFERS.

Theorem 2.2
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Loop space and homotopy group

RAHZER K & BB n 1ITXf L,

Tap1(K) = (§"T1 K) = (S5, K) = (5", K) = (§",QK) = m,(QK)

it DFED N—TE\EZZLIETHRE N —BHORITTE TIT5
ZEHTES. BT, QK(G,n+1) & K(G,n) TH 3.
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Brown representability theorem 15 /44



Outline Introduction Q-spectrum and reduced cohomology theory Main theorem

Generalization of main theorem Reference
o 0000000 0000008000000 000

000000000000 00000 [e]e]

Observation of reduced cohomology theory

CW, Loffifyaretny —midE 3, Eaffx CWHEKIZHL, 7—~UL
HEEDVDTH - 7.

BT E CW R (X, x), (K, k) 12X L, (X, QK) 13— TREMFHRES 2
HEIWCLD B2 s,

[FRRIC, n-BEL— 72/ Q"X 2E 25 Z 8T, 77—~ (X, Q"K) &
5%,

ERFTa > 7 AT 2 RV 72870 T, KX = (KN 23013 2.
EoT, QK FHEHES 1" — K ToI" 2B T b DDZEM & A%
¥5.
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Observation of reduced cohomology theory

Proposition 2.3

AU & RAIZERE (X, x), (K, k), (M, m) iIHt L, $34E b ©— R
K — QM BIFETIUL, (X, K) = (X, QM) £ 3.

FomEIcE D, KIZL—7ERThRTHNL— T L 59KE b E—H
ECT+RTHE2Zerbhrsb

Tk Brown representability theorem 17 /44



Outline Introduction Q-spectrum and reduced cohomology theory Main theorem

Generalization of main theorem Reference
o 0000000 0000000080 000000

000000000000 00000 [e]e]

Observation of reduced cohomology theory

flifyaRER Y —@MDTERIINE LD, CW X (CX, X) iIZx L, Reesl

T hn(ex/x) 19D neexy 2O fn(xy —s p(exx) TR

2FD,

T Xy 9, o PO, faxy 8 g ex) P9
2155, ) ) )
U7esio T, FAAREL Ar(X) = Wil (SX) 2SS 225, An(X) = (X, Ky)
352, ZORBNIN — TEBADTRE N —[AE» HFEINS.
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Definition of 2-spectrum

INHDEHEIZED, Q-spectrum ZLITD XS IWCERT 3 DHBEYT
H5.

Definition 2.4 (£2-spectrum)
BER n 0L, 90 E b E—FE K, — QKpp DTFET 2 B AU & CW

BIRDH (K,)nez % Q-spectrum &5,
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Example of Q-spectrum

Example 2.5 (Eilenberg-MacLane spectrum)

F R E CW IR TS % Eilenberg-MacLane ZEE DF| (K (G, n))nez &
Q-spectrum TH 5.

Bott JAIHIMEER L D, §54E U —[FfE O — QB0 % U — Q2U DF(ET

2728, 0= U7 Q-spectrum 252 % . ZHUS K R CEHET
H3.
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Q2-spectrum defines reduced cohomology theory

FEED Q-spectrum Xl aRER Y —GRZED 5.

Theorem 2.6

EED Q-spectrum (Kp)nez 1345 n 12t L, BT An(X) = (X, K,) &5 5
ZYTCW, LoffifjatreEny —f#HzED 5.
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Sketch of proof

FEME—RNEHEREZRINNEE Y 2y VNN E2AET I 2HERD 5.
H AR ROMEETR £ (X, x) = (Y, y) 3% nicht L, ERBEE
() = (Y Ka) 2 (Y, QK1) — (X, Kn) 2 (X, QKps1)
\Y} W

[m] — [mof]

RFEL, f o g ROIE () = in(g) £ 722720, RE b =A% A
725,
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Sketch of proof

CW X (X, A) IZxf L, Puppe sequence

A X X/A YA X T(X/A) — -

¥ Proposition 2.3 & b, 5£2%

c—— (XA K —— (X Kn) —— (A Kn) —— (X/A Knp1) —— -+

o —— h1(X/A) hn(X) h"(A) —— h™ (X /A) — -

2155720, TR REE BT

73 Brown representability theorem
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Sketch of proof

WEER in: Xo > \/ Xo BER 0 1ML, FAIE G

[1AGa) - <\/xa,Kn>u<\/xa,QKnH> — J[Xa, Kn) 2 [ [(Xa, @Kn11)

a
w

w
[m] — [ Timlxaoin]

EFET 570, [[Ga): i\ Xa | — J]A(X) %785.

FoTU 2y DHIRNE R AT,
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Homotopy construction of cohomology

Theorem 2.7

CW, LoffifakEns —fhdn#£0IHL, (SO =0%2ATE
= RO CWHIK X EED n > 012Xt L, BARME
An(X) = Hn(X; KO(S0)) ASEATT 5.

Eilenberg-MacLane spectrum & 2 3 L LI T HEHN5.

Corollary 2.8

ERD CW Bk X LERED n > 0 L RO 7 —~ LB G I L, BAR
(X, K(G, n)) = Fn(X; G) BT 5.
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Mayer-Vietoris axiom

Generalization of main theorem Reference
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A B% X eCWP OESBATAUB =X 72250, h: CWP —Set
PEAFE L, ROKAEEZ 5.

ANB <2 A h(AN B) «2— h(A)

R TN

B X h(B) «——— h(X)
ks ks

ZDrE, ac h(A), be h(B) Tji(a) =j5(b) £72272 513, x € h(X)
Thki(x)=ahDkh(x)=b 722 dDIIFET 3.
DA% Mayer-Vietoris NP E WS |

73

Brown representability theorem 27 /44



Outline Introduction Q-spectrum and reduced cohomology theory Main theorem Generalization of main theorem Reference
o 0000000  0OO0000000000000 00®000000000 OO0 oo

Brown functor

Definition 3.1 (Brown BHTF*)

BT h: CWSP —=Set NRE FE—REHE v v DHINE Y Mayer-Vietoris
RN E AT E, Brown BAFE WS .

Example 3.2 (Hom B4F)

H U = EES CW IR K 12 L, Hom BE=FE (—, K): CWP —Set 1
Brown BAFTH 5.

Example 3.3

HAMEEE CWERER X ITHL, X EoF G RoFRRSEZ » 28F
Hg: ConCW¥ —Set & Brown BIFTH 5.

Tk Brown representability theorem 28 /44
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Example of brown functor

Example 3.4 (fiify 2 K€ w2 —i)
fiifgaRER S —iH h": CW —Set |Z Brown IFTH 3.

ERLVEHNIRER Y —RIBZRE N —RHE Y 2y DHINHE AT
L, it a k€ r P —ifld Mayer-Vietoris 55275

k* k*)

S (X)) 2T Rn(A) @ B(B) 275 k(AN B) ——

B0, FD%ERMEX D, Mayer-Vietoris N &R AT Z e Bbh b
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Brown representability theorem

Theorem 3.5
h: ConCW;® —Set % Brown T2 §%. ZD¥ &, K cConCWP &
u € h(K) BFEL, AEED X €¢ConCWP 120t L, Bi%

T, : (X,K) — h(X)
w w
[f1] +— f*(v)

W EHETH . OF D, Brown BT h IR ATREREFTH 5.

LR (K, u) Z2 B e v, HEHEARE  E—FEZRNT—ET
H5.

73
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n-universal pair and m,-universal pair

Definition 3.6 (n-ExX, .- &E@xt)
h: ConCW;® —Set % Brown B§F2 55, v & DIT2ARLT
K €ConCW, & u e h(K) DX (K, u) & n-E@Enf& s,
T, : (S"K)=mi(K) — h(S)
w w
[f] —  f*(u)
i< niZRL, ZBHEETHD, i=n 0L, 2HTH 5.
7, (K, u) PEED niZ2WT n-EENTH2 & X, m-FEE WS,

T @I EARE P E—FAEZBRWTETH 2.

73
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Lemma 3.7

h: ConCW:? —Set % Brown BT, X €¢ConCW:?, x € h(X) £ T 5.

D E, Mm-S (K, u) TKIZX ZEEEE LTEA, ! XL)K&;
U, j*(u) =x &R2DDDVFEETS.

Lemma 3.8

h: ConCW:? —Set % Brown B, (K, u) & m.-E@xf, (X, A) & BT
ZCWX, xeh(X) 55 ZOLE HEEDF.A-5KTk:A=XIZ
MU, F*(u) = k*(x) £ 722 dDITHL, f ZHRLT, g: X - KT

g (u)=x 2 HDPFET 5.

(A, £*(u) = k*(x)) ——= (K, u)

T

(X;x)

Tk Brown representability theorem 32/44
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Proof of brown representability theorem

Lemma 3.7 & D, m-F@xt (K, u) BEBEICR S Z & 2Rl L.
vy DHRNEY Lemma 3.8 & b, M=

({#},0) — = (K, u)

e
(X %)

18579,

BEHTHS.

73
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Proof of brown representability theorem

FEED ], [A] € (X, K)Y L, Tu([h]) = Tu([A]) £55. 2% D,
fo(u) = f(u) £72%. 22T, Lemma 3.8 kb, X=X

(X x a1)/({x} x 0l) = X v X "B (K, u)

dl ,///?;/)

(X 1)/({x} x 1)

283, koT, HE/Rh b ANDKREIMN—TH3. LEDoT,
(] =[h] 227D,

T, © (X,K) — h(X)
W W
gl +— g*(u)
EHSCH B

73
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Brown representability theorem

EED Q-spectrum X I RER Y —GRZED D, BARNE Z LI
HRRILT 5.

Theorem 3.9

&'%i@ CW, Loffifyartny —imdd 3 Q-spectrum (K,)nez ZHW
T, F(X) = (X, K,) L ZBHTE 3.
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Proof of theorem 3.9

iy REn Y G CHNEEL £ 256% 503 LRSI D, B
i & CW RO IR TR 3 HAS 72 O C, BT 258 CW ik 2 & 2 Ul
TR TH%.

fEifakEr Y —imd Brown BAF72 572D T, Theorem 3.5 X D, {EED

nITRL, A"(X) = (X, K,) & 7% % 3k fift & 58S CW BRI (K, nez 23
Bohs.

FARFIRY hn(X) = ArHH(EX) & X H Q I3 HARFR

(=23 o)

(DX: <X7Kn> — <ZX7 Kn+1> B— <X7QKn+1>

ZIEL

Tk Brown representability theorem 36 /44
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Ox DHAMELD MEED F: X = K, i L, KK

(K, Kn) —— 5 (X, K,)

o Jos

(Kn, QKnt1) —— (X, QKnt1)
2185, XoT, Ox =y (idk,)o— &7 D,
O = by, (idk,) 0 —: mi(Kn) = (S, Kn) —— (S, QK1) = mi(Q2Kn11)

%%( 713@, (DK,,(idK,,): K,, — QK,,+1 &iggﬂ‘:& k Eo—ﬁ{ﬁf%é

73
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Triangulated category

HRffE CWEEkzNRe L, % lim (BX, X)) & T 5B LERE
FE—BEEWVWIH, THE=MEL 5.

Brown representability theorem ® =M END—RILITFET 5.
=& dD Brown representability theorem | IZRBW=MAET L K7L

RWDISREDIRV. £ 2 TED X 5 7% =T Brown representability
theorem D3RALT 2D L WO EDEZ 6N TV,
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Brown representability theorem

Theorem 4.1

T aryy VERLB=ZABLr T2 ZoE REXEICODOTaRE
oY —WEFE R 7 — Ab IZERHAEEEFTH 3.

Z 3UZ Theorem 3.5 D =FAENDO—LTH 5.
Theorem 4112 K D, BBOTEIED RS L7z D, Grothendieck duaIity D HIFIE
DR O Rk A RIGHD® 2 D5 ENILLT 25803

S Ay VERZ=AE, T e=ABL L, F: ¥ - 7 2REZR

Corollary 4.2
O=MAETFLITE. IO E FIREMEETF G 7 - S 2. |
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000000000000 0000 [ele}

FEDOT e 7I1THL,

Homg(F(—),T) : & — Ab
w w
S +— Homgz(F(S),T)

FRBEEEICO DT arkErY —NEFTHS. Lo T, Theorem 4.1 &
D, G(T) e & DBFEL T, BARM

Hom(F(S), T) = Hom «(S, G(T))
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Proof of corollary 4.2

T OH T — T L, BRZEH

Hom 7 (F(=), T) = Hom#(F(-), T')
DIEF B0, BRI K D, BRZ

Hom y(—, G(T)) = Homy(—, G(T'))

HEES. I TRKHOMELD .7 Ot G(T) = G(T) 2iEE 3. &
D G OLEREHEFE 5.

Tk Brown representability theorem 42 /44
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